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1 Introduction

The idea of the interpolation of randomly scattered data has been investigated for a long

time. The �rst use of such interpolation was in topography, and in the interpolation of

various experimental data. It has been recognized that such kinds of interpolation could

be used in numerical methods; for some long time, however, the only successful method

was based on the �nite element (FE) approach: subdivide the domain into a large number

of simple subdomains with data points the vertices of these subdomains, and then de�ne

interpolation independently within each subdomain. Two main drawbacks of this approach

are the limited continuity of the approximation on the internal boundaries, and the di�cult

process of generation of the mesh of consistent subdomains.

It is becoming increasingly apparent that, as analysts attempt to solve larger and more

di�cult problems, several barriers exist to advances in computational simulation methods.

The main problem hampering the desired analysis is the need to discretize the domain to be

simulated using a computational mesh. Topologically complex domains can be discretized

automatically with tetrahedral elements in many cases; however, these elements typically

provide low accuracy and are di�cult to re�ne automatically. Moreover, changes in the

domain geometry and/or topology, e.g. in shape optimization, free surface 
ows, fracture

analysis, and body fragmentation, are di�cult, if not impossible, to accommodate with

existing meshing techniques.

Over the past two decades, various researchers have come to realize that so-called

meshless methods can be developed that remove the problems of traditional meshing. These

methods still require a set of computational nodes to be 'sprinkled' through the domain,

but do not require any pre-speci�ed connectivity of the nodes, or locally regular topological

structure as is required of traditional meshing. These nodes can be generated automati-

cally using a variety of schemes including oct-trees, tetra-trees, regular topological kernels,
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etc. The meshless analysis method removes the disadvantages of standard approaches, and

leads to the possibility of truly automatic analysis. Fully automated analysis frees the an-

alyst/engineer to focus on engineering issues, and not on time{consuming computational

considerations. Finally, meshless analysis is uniquely suited to coupling with other codes

and/or disciplines and thus enables truly multi-disciplinary analysis.

First attempts to formulate approximation methods for the solution of partial dif-

ferential equations on \randomly" scattered nodal points (not yet recognized as 'meshless'

methods) were published in early seventies [10,17,20,21]. The basic idea of the method was

�nally interpreted as an approximation method, and published in two similar papers [14,16].

Although several possible applications of the method in the numerical solution of partial

di�erential equations have been presented at that time [11, 17, 18, 20, 21, 23, 25], the method

did not gain any signi�cance, mainly due to overwhelming success of the FE method.

Recently, the meshless technology has been rediscovered due to the slow progress

in domain meshing, and several 'meshless' methods of numerical PDE solution have been

presented [1,3,4,8,9,19]. Most of these method are based on the Moving Least Square (MLS)

interpolation method, presented in details in [14]. The main emphasis of that paper was on

interpolation, and application for the solution of PDE's requires further analysis which will

be outlined here.

In this work, we present some new results obtained on the structure of the MLS, and

of the method presented in [18], which is similar in concept, but di�ers mainly in the choice

of the weighting functions, and in the selection of the neighboring data points. These two

di�erences may have a signi�cant a�ect on the �nal results of the method, especially when

applied to the numerical analysis of PDE's. The method is implemented for the solution of a

wide class of enginering problems, with special emphasis on structural mechanics problems.

Section 2 presents the basic equations of the approximation method, emphasizing the

di�erences between MLS and IMLS (interpolating MLS), and its application to the solution

of PDE's. Two possible discretization methods are outlined, equivalent to the classical

collocation method, and a Galerkin type formulation. The Galerkin formulation is very

similiar to the FE method, and is relatively simple to implement. Most of the knowledge

from FEM, including theoretical proofs, can be extended or modi�ed to apply to this version.

However, the cost of a Galerkin formulation is, at the present time, signi�cantly higher than

FEM. This paper focuses on the collocation method, as it provides a much more e�cient

algorithm. Several cases have shown the method to be on the order of 10 times faster than

FEM. Details of the formulation relevant to the discretization of the boundary conditions,

especially of the Neumann type are presented, together with numerical tests for convergence

of analysis for simple structural problems. The presentation is limited to two{dimensional

cases, but extension to 3 and more dimensions are straightforward.

The next section follows with an original generalization of the MLS. By introduction

of spectral degrees of freedom, equivalent to Hermite interpolation, the quality of the approx-

imation at and near the boundary is signi�cantly improved. An outline of the formulation,
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optimization of various parameters, and convergence tests are presented.

Several practical applications of the method are presented in section 5. They include

nonlinear elasticity, geometrically and physically nonlinear membranes, and a transient heat

conduction problem. These examples clearly show the versatility and robustness of the

method in engineering analysis. Even at this early stage of development, the method com-

petes well with �nite element technique and may surpass them in preformance in various

applications.

2 Basic formulation of the meshless method

2.1 Moving least squares approximation

The basic idea of the MLS approximation method is very simple. Assume that we have

function g = g(x) de�ned at some �nite set of points, and we are looking for the approximate

value of g at point X0 ( f(X0) ' g(X0) ). One may use all available data points, but for the

purpose of e�ciency, it is reasonable to select some small subset of data points (Xi), (called

the stencil or star), pre�erably in the neighborhood of X. We assume that the function f

is smooth enough to be approximated in some well de�ned functional basis (local expansion

around point X0):

f(X) =

npX
i=0

(ai � pi(X �X0)) (2.1)

Usually pi(x), x = X � X0; is a set of simple polygons, and the eq. (2.1) can be

interpreted as a Taylor expansion of the unknown function f(X) around the point X = X0:

pi(x) = [1; x; x2=2; x3=6; : : :]

in the one dimensional case, or

pi(x; y) = [1; x; y; x2=2; xy; y2=2; x3=6; : : :]

in two dimensions.

With this choice, the coe�cients ai (which are in general functions of the point

X0; ai = ai(X0) ), can be understood as the approximation of the unknown function and its

derivatives at the point X0.

It will be useful to de�ne two distinctly di�erent cases, depending on the existence of

data point at X0:
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2.1.1 Method A: nodal approximation

This method will be suitable only if there is a data point at X0 and we know the value of

the function f(X0). In this case

a0 = f(X0); (2.2)

and we need to �nd the values of ai; i = 1; : : : ; np.

We want, if possible, for the approximation to pass through the remaining data points,

i.e. to satisfy

f(Xj) =
nX

i=0

(ai � pj(Xj �X0)) = yj; j = 1; : : : ; n (2.3)

where yj denotes value of data point.

In order to solve the set of equations (2.3), we need the number of data points (n) to

be no less than the number of terms (np) in the expansion (2.1).

n � np:

We also need the positions of the data points to satisfy certain geometrical criteria

[11, 21, 25], so the linear set (2.3) is not singular. Instead of trying to de�ne and satisfy

these criteria, one selects more data points than equations, thus changing (2.3) into an

overdetermined set of linear equations, and consequently solves the system using a traditional

minimum least squares method, weighting each equation with an appropriately chosen weight

wi. The weights are de�ned using the weight function, which may, in general, depend on the

location of the node W =W (X;Xj), and it is sometimes advantegaous to favor data points

in one direction (e.g. along the boundary layer). We will limit the discussion to simple,

isotropic weight function of teh distance from the central point:

wi = W (�i); � = jX �Xjj

At minimum, the weight function should be non-increasing with its argument:

W (x) � W (y) () x < y;

so the data points farther from the center have smaller in
uence on the approximation. Note

again, that the eq. (2.2) is satis�ed exactly in this approach, so that the approximate value of

the function is exactly equal to the known data value at point X0. The only new information

obtained from the method is related to derivatives of f at point X0.

For a two-dimensional domain, and the choice of the basis functions outlined above,

the �nal set of linear equations to solve is as follows:

[A]fDfg � fFg = f0g; (2.4)
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[A] =

2
66664
h1 k1 h

2
1=2 k

2
1=2 h1k1

h2 � � � � � � � � � � � �
...

hm

3
77775 ;

fF gT = ff1 � f0; f2 � f0; � � � ; fm � f0g;

(2.5)

where

f = f(x; y); f0 = f(x0; y0);

hi = xi � x0; ki = yi � y0; � =
q
h2i + k2i :

and the �ve unknown derivatives at the point (x0; y0) are

fDfgT =

(
@f0

@x
;
@f0

@y
;
@
2
f0

@x2
;
@
2
f0

@y2
;
@
2
f0

@y2
;
@
2
f0

@x@y

)
: (2.6)

This version of the MLS is su�cient to implement the analog of the Finite Di�erence

Method (FDM) on an irregular grid of nodes [16,18], more precisely it allows you to solve an

arbitrary PDE using the nodal collocation method. The main drawback of this approach is

its discreteness: the approximation is de�ned only at the data points, and nothing is known

about the solution between these points (this matches the traditional understanding of the

FDM).

2.1.2 Method B: pointwise approximation

One can easily modify the above procedure to de�ne a dense approximation, i.e. for any

point X, whether coinciding with a data point or located arbitrarily in the domain. All

that is necessary is removing special equation (2.2) from the �nal set of equations, and treat

uniformly equations for all data points, even if one of them coincides with the point X. The

set of unknown consists of all coe�cients ai; i = 0; 1; : : : ; np.

Considering again the two{dimensional example, we have to solve the following set

of equations (similar to (2.5) above ):

[A]fDfg � fFg = f0g; (2.7)

[A] =

2
66664
1 h1 k1 h

2
1=2 k

2
1=2 h1k1

1 h2 � � � � � � � � � � � �
...

1 hm

3
77775 ;

fFgT = ff1; f2; � � � ; fmg;
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and the six unknowns are

fDfgT =

(
f0;

@f0

@x
;
@f0

@y
;
@
2
f0

@x2
;
@
2
f0

@y2
;
@
2
f0

@y2
;
@
2
f0

@x@y

)
: (2.8)

This approach de�nes an approximate value of the function f0 = f(X), and its

derivatives, at any point in the domain, but, in general, the value of the approximation does

not match the data value of any data point. Then, we have an approximation method but

without the interpolation property. This method has been, with reasonable success, applied

to the solution of various PDE's using a Galerkin type of approach [4, 19], but the lack of

the interpolation property caused signi�cant di�culties in satisfying the essential boundary

conditions [4, 12].

2.1.3 Continuity of the approximation.

It has been shown [14] that the resulting approximation resulting from method A or B is

continuous under the following conditions:

i) The basis functions pi(:) � C
m.

ii) The weighting function W (�) � C
l .

iii) All data points from the whole domain are included in the stencil.

Then the resulting approximation f(X) � C
min(m;l).

In the MLS formulation it is often assumed that the weight function has a support

limited to a �nite ball of radius r:

W (�) = 0 () � > r

In that case the above condition iii) may be modi�ed as follows:

iii') All data point from the local support of the weight function are included in eq.

(2.8). This condition implies, that, if the weight function is isotropic (depends only on the

distance �), then all data points included in the local ball surrounding point X0 (see [9])

have to be included in the approximation.

As shown in [14], a discontinuity of the weight function at the center of the approxi-

mation (at point X0) of type 1=�
2� , does not cause the discontinuity. This type of the weight

function is very useful, because it de�nes an approximation with the interpolation property

(we can see that the method B converges to method A in the limit as X0 converges to the

data point).

Another possible discontinuity exists in the formulation presented in [17, 18] due to

not satisfying condition iii') above. The weight function has in�nite support but the stencils

include only a small, �xed number of data points. It has to be noted also, that due to a
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change in the local con�guration of the data points, in particular, due to a change of their

local density, the weight function depends in general on the position of the central point

W (�) = W (�;X0):

For example: in [7] the weight is de�ned as the continuous function:

WR(�) =

( q
4=� (1:0� (�=R)2)

4
; 8 � < R

0; 8 � � R

but the radius of the `cloud' R is adjusted pointwise to contain enough data points to avoid

a singularity in solving 2.8. The weight function W (�;X0) should be de�ned as continuous

with respect to both its arguments, which in this case is not.

2.2 Practical aspects of the method for the solution of PDE's

2.2.1 Modi�cations for computational e�ciency

It has been observed that the method as outlined above is relatively slow when applied to

the solution of PDE's by the generalized Galerkin formulation [4, 9]. This is mainly due to

the inability of developers to formulate e�cient numerical quadrature rules. The collocation

method (as presented in [16]) is generally much faster, but requires a more elaborate selection

of stencils.

In both versions, signi�cant optimization of CPU time can be obtained by use of

very small, carefully selected stencils (the requirements and possible selection algorithms are

discussed below). For an irregular grid with a varying density of data points, the `optimal'

stencils usually violate the continuity requirements. In order to use all of the theoretical

results presented in [1,9,15] we have to reinterpret the continuity requirements, and �t them

to this practical algorithm.

The `reinterpretation' will be based on the observation, that in both methods, one

uses only a �nite set of points, where the approximation is computed (eg., Gauss points in

the Galerkin method). It is therefore always possible to de�ne what happens between these

points in such a way, that the continuity requirements are satis�ed. In particular, one should

de�ne the weight function so it will smoothly go to zero in the shaded area in �g. 2.1. These

additional de�nitions will not have any impact on the computer code, but they will serve to

prove accuracy and convergence of the algorithm.

2.2.2 'Optimal' selection of stars

A proper approximation of the solution requires that support for each data point (circular

or spherical clouds as in [7]) should cover all the domain, so that the solution at any point

in the domain is properly de�ned. Actually, they have to su�ciently overlap (Fig. 2.2), and
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star nodes

outside nodes

Figure 2.1: Transition zone for the weight function

the overlap areas have to be accounted for in the choice of collocation points or integration

quadrature. Whenever there is not enough integration/collocation points in the overlap

zone (shaded area in Fig. 2.2), the solution will not converge. In the case of the collocation

method it is intuitively obvious that left and right halves of the domain will not be \tied

together" and the solution will exhibit a spurious discontinuity along the shaded area. In

extreme cases it may even result in a singularity in the global system of linear equations.

This di�culty has been recognized from the very beginning, and various algorithms

to ensure correct stars have been introduced ( [10,21]). The idea of \su�cient overlap" is not

easily quanti�able, section 3.4 presents some analysis of the problem. In the present work

we use a relatively simple and e�ective star selection algorithm presented by Liszka [16],

which selects the star according to the \four quadrants" criterium, (Fig. 2.3). This method

can easily be modi�ed to \eight sectors" in three dimensional analysis. Near the boundary,

one can also modify the method to account for unavoidable unsymmetry of the stars, by

selecting an appropriate number of nodes at the boundary, and then selecting the remaining

nodes from sectors extending into the computational domain (Fig. 2.4).

2.2.3 Anisotropic approximation

In most applications, the accuracy of the approximation can be improved by increasing the

size of stencils (i.e., the number of data points and the number of base functions) whenever

the solution is su�ciently smooth. This amounts to p{adaptivity, which is much simpler

in the meshless method than in the Finite Element Method. For long, thin domains, it is

possible to increase the order of approximation along the longer dimension of the domain,

while along the shorter dimension there may not be enough data points to obtain desired

approximation order. It is important, therefore, to de�ne an algorithm, which will allow one

to obtain di�erent orders of approximation in di�erent directions (and for these directions
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Figure 2.2: Overlap zone between two parts of the domain

Accepted nodes

Not accepted nodes

Figure 2.3: Selection of a star by four quadrants criterion.
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Figure 2.4: Selection of a star on the boundary

to be arbitrary - non{aligned with the global coordinate system).

One possible solution for an anisotropic approximation is presented in [9], where local

approximations with varying orders in di�erent directions are used. This formulation requires

that the orientation of the local coordinate systems be de�ned a priori, while in practical

application it would be advantageous to be able to select nodes based on local con�gurations

and then compute the best possible approximation, even if the orientation of the domain

is not explicitly known. For this purpose the computer code used to (pseudo{)invert the

matrix [A] in eq. 2.4, should use the Singular Value Decomposition (SVD) technique to

automatically detect ill{conditioned components of the approximation [22]. Of course, for

e�ciency, SVD should be used only when the standard algorithm indicates that the star is

not su�cient for the requested order of approximation.

2.2.4 Implementation of Neumann boundary conditions

The implementation of boundary conditions in the collocation version of the MLS method

is considerably di�erent than in the Galerkin approach and requires a di�erent methodology

for e�cient and accurate handling.

The application of Dirichlet boundary conditions, such as prescribed displacements,

is quite straightforward. It amounts to specifying the value of the function on the boundary

and adding the relevant equation to the system. No special treatment, such as a penalty

method usually associated with Galerkin methods, is needed.

However, for Neumann boundary conditions, such as prescribed tractions, some spe-

cial attention is required. Formally, on each boundary a relevant equation needs to be

explicitly discretized. For example, to prescribe a typical traction boundary condition one

simply discretizes the equation:

�ijnj = �ti (2.9)
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where the components of the stress tensor �ij should be expressed as relevant derivatives

of displacements, nj are the components of a normal vector, and �ti is a prescribed traction

vector. Clearly, implementation of this boundary condition requires:

� components of the traction vector �t,

� components of the normal vector n, and

� selection of an appropriate boundary \stencil" for discretization of the derivatives.

The above condition needs to be explicitly implemented even on free boundaries where

the prescribed traction vector is zero. This is quite di�erent than in the Galerkin method,

where free boundaries require no calculation of boundary integrals.

Direct implementation of the above boundary condition, although it is formally

straightforward, creates some e�ects that may reduce the accuracy of the collocation method

in its' most straightforward form. This is because:

1. Discretization of the boundary condition at the boundary node precludes discretization

of the principal governing equation at this node (one equation is generated per one

degree of freedom). Thus, only the internal nodes support the governing equations

(Navier equations in the case of linear elasticity).

2. The boundary stencils tend to be of strongly unsymmetric shapes, with the centers of

\mass" shifted towards the inside of the domain.

The above phenomena may cause loss of accuracy and sensitivity of the results to the

selection of stars on the boundary. As an introductory illustration of this phenomenon, we

present a numerical solution to the classical problem of a plate with a hole under a uniform

tensile stress.

In the �rst example, the problem is solved on a rather coarse grid with quite irregular

distribution of points near the hole. Figure 2.5 shows the mesh used for the upper half of the

domain. The MLS approximation was of second order, with 9 points selected for each star

(both interior and boundary stars). On this mesh, the stars tend to be rather unsymmetric

shapes, especially near the hole. As a result, the solution on this mesh is of low quality {

in particular, it does not preserve the expected symmetry w.r.t. the vertical y-axis. This

solution is shown in �gure 2.6. A more careful examination of the results shows that this

e�ect is caused primarily by irregular and nonsymmetric shapes of stars used to discretize

the Neumann boundary condition.

The accuracy of the solution can be improved by increasing the number of points in a

star, which improves their conditioning and reduces sensitivity to star unsymmetry. Indeed,

after increasing this number to 13, the accuracy of the solution improves dramatically (see

�gure 2.7) and retains the expected symmetry w.r.t. the vertical axis, even though the
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Figure 2.5: An irregular grid of points for the plate with a hole problem.

Figure 2.6: Plate with a hole: displacement ux calculated with 9-noded stars.

Figure 2.7: Plate with a hole: displacement ux calculated with 13 per star.
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geometries of the stars do not have this symmetry. Importantly, higher numbers of nodes

per star maintain this improved quality result.

A di�erent way to increase the order of the approximation, without increasing the

size of the stencil, may be used, when there is information about the derivatives of the

unknown function at (some) data points. This method will be presented in more details in

the following section.

3 Version of the MLS for the spectral DOF's

3.1 MLS Approximations with Derivative Degrees of Freedom

As discussed in previous section one main di�culty in the successful application of the moving

least squares approach is the proper selection of stars to avoid singular or ill-conditioned

stencils. The addition of more nodes to the stars generally improves the conditioning of the

matrices A but also signi�cantly increases the computation cost to compute the derivatives

fDfg. Therefore the number of nodes in the stars should be kept to a minimum.

The control of the conditioning of the stencils become even more delicate for points

near or on the boundary of the domain. Also the slenderness of the domain may adversely

a�ect the conditioning of the stencils. Very slender domains generally lead to a loss of

accuracy in the computation of the derivatives fDfg specially for points near or on the

boundary.

The ill-conditioning of the stencils for boundary nodes is a consequence of not having

`the center of gravity' of the star near the node but biased toward the inside of the domain.

The following approach have been developed to improve the conditioning of these stencils.

As previously, each node in the domain represents a degree of freedom corresponding

to the value of the solution. In addition, the nodes at the boundary, or at selected part

of it, contain additional degree of freedom, corresponding to the derivative of the solution

in the direction normal to the boundary. More general approximation can be used (both

directional derivatives, second derivatives, curvature,. . . ), but it will not be discussed here.

In addition to Equation (2.5) the following condition is imposed on the MLS approx-

imation built at a boundary node (x; y) with unit normal n = (nx; ny)

@f

@n
(x; y) =

@f

@x
(x; y)nx +

@f

@y
(x; y)ny

=
@f0

@x
nx +

@f0

@y
ny + h

@
2
f0

@x2
nx +

@
2
f0

@x@y
(knx + hny) (3.1)

+ k
@
2
f0

@y2
ny
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where, as before,

f = f(x; y); f0 = f(x0; y0); (3.2)

h = x� x0; k = y � y0:

Evaluating (2.5) for each of the nodes in the star and (3.1) for each of the boundary

nodes in the star results in the following system of equations

[A]fDfg = fF g (3.3)

where

[A] =

2
6666666666666664

1 h1 k1 h
2
1=2 h1k1 k

2
1=2

1 h2 k2 h
2
2=2 h2k2 k

2
2=2

...
...

1 hm km h
2
m=2 hmkm k

2
m=2

0 n1x n1y h1n1x (k1n1x + h1n1y) k1n1y

0 n2x n2y h2n2x (k2n2x + h2n2y) k2n2y
...

...

0 nlx nly hlnlx (klnlx + hlnly) klnly

3
7777777777777775

(3.4)

fF g =

(
f1; f2; : : : ; fm;

@f1

@n
;
@f2

@n
; : : : ;

@fl

@n

)T

(3.5)

fDfg =

(
f0;

@f0

@x
;
@f0

@y
;
@
2
f0

@x2
;
@
2
f0

@x@y
;
@
2
f0

@y2

)T

(3.6)

To ensure proper rank of [A] we require

m+ l � np; (here: np = 6)

In the above it was assumed that there are m nodes in the star, and that the �rst

l nodes were on the boundary @
 (or equivalently that there are m nodes in the star with

function value degrees of freedom and l nodes with rotational degrees of freedom).

The e�ect of the l additional equations (one for each node with rotational degree of

freedom) is to move \the center of gravity" of the star towards the boundary and therefore to

improve the conditioning of the stencils for the boundary nodes. Some numerical experiments

with this new approach are reported below.

One important bene�t of using the approach described above is on the imposition of

Neumann boundary conditions. This approach implies that the boundary nodes will have

not only displacement degrees of freedom but also normal derivatives degrees of freedom (cf.
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Equation (3.5)). Therefore the enforcement of Neumann boundary conditions can, in many

cases, be done in the same straightforward way as standard Dirichlet boundary conditions.

In collocation method we follow the algorithm, which is customary in classical FDM, we

impose two equations at all boundary nodes: one equation resulting from the boundary

condition, and one from the PDE (i.e. the same as in teh interior of the domain).

3.2 Numerical Experiments

In this section the conditioning of the stencils for boundary nodes when using Equation

(2.4) or Equation (3.3) is analyzed. Similiar tests were performed for higher orders o�

approximation with identical conclusions, but we will present her only the case for second

order approximation.

In order to be considered acceptable the computed values of fDfg have to satisfy

the following criteria:

(i) The sum of the MLS functions must be one, since they represent a partition of unity [9].

(ii) The sum of the derivatives of the MLS must be zero for the same reason as in (i).

Ω

P

Node in the Star

1 2 3

4 5 6

Figure 3.1: Star used to computed a MLS approximation of degree p = 2.

Ω

Node in the Star

Rotational DOF’s

P

1 2, 7 3

4 5 6

Figure 3.2: Well conditioned star with a rotational degree of freedom at point P .

Suppose that we want to build a moving least squares approximation at point P , of

the slender domain represented in Fig. 3.1, using polynomials of degree less than or equal to

p = 2. Therefore at least (p+1)(p+2)=2 = 6 nodes have to be used. Suppose that the 6 node
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star represented in Fig. 3.1 is chosen. If Equation (2.4) is used to build the moving least

squares approximation the corresponding system of equations will be very poorly conditioned

and the computed values for fDfg do not satisfy the above criteria. Table 3.1 contains the

generalized �nite di�erence formulas, i.e. MLS functions (only for �rstm nodes with function

value degrees of freedom), computed at point P using Equation (3.3). The columns �I , �I;x,

�I;y, etc, in the table contain the values and indicated derivatives at point P of the MLS

functions associated with nodes I = 1; 6. The last row of the table contains the sum of the

MLS functions and their derivatives at point P . The poor conditioning of the star is re
ected

by the very large values of some of the computed derivatives (those in the y direction). It

can be observed that condition (i) is satis�ed but condition (ii) is not. Nonetheless, if just

one node with a rotational degree of freedom is added at point P (node 7 in Fig. 3.2) the

stencil becomes well conditioned and the above criteria are satis�ed with errors O(10�13)
or less. The corresponding star with this rotational degree of freedom is represented in Fig.

3.2. Table 3.2 contains the corresponding generalized �nite di�erence formulas computed

at point P using this star and Equation (3.3). It can be observed from Table 3.2 that the

additional MLS function associated with the rotational degree of freedom has some of the

properties of Hermite shape functions used in C1 �nite elements { the function is zero at the

node and its derivative in the normal direction to the boundary is 1.0.

Node I �I �I;x �I;y �I;xx �I;xy �I;yy

1 1.416E-06 -1.04697 5.754E+15 3.363E-04 2.858 -2.301E+16

2 0.9999 9.537E-02 -1.150E+16 -6.727E-04 -1.716 4.603E+16

3 1.552E-06 0.9523 5.754E+15 3.363E-04 -1.141 -2.301E+16

4 -1.416E-06 4.768E-02 -5.754E+15 3.999 -2.858 2.301E+16

5 2.988E-06 -9.537E-02 1.150E+16 -7.999 1.716 -4.603E+16

6 -1.279E-06 4.768E-02 -5.754E+15 3.999 1.141 2.301E+16P6
I=1 0.999999 6.8250E-14 -376.0 1.3322E-15 -1.880E-13 1504.0

Table 3.1: MLS functions (GFD formulas) computed using the star of Fig. 3.1.

Node I �I �I;x �I;y �I;xx �I;xy �I;yy

1 0.000000 -1.000000 0.000000 3.636363 2.000000 -0.727273

2 1.000000 0.000000 0.000000 -7.272726 0.000000 -6.545453

3 0.000000 1.000000 0.000000 3.636363 -2.000000 -0.727273

4 0.000000 0.000000 0.000000 0.363637 -2.000000 0.727273

5 0.000000 0.000000 0.000000 -0.727274 0.000000 6.545453

6 0.000000 0.000000 0.000000 0.363637 2.000000 0.727273P6
I=1 1.000 6.506E-14 -1.337E-19 -2.378E-13 -1.301E-13 4.785E-14

7 0.000000 0.000000 -1.000000 0.000000 0.000000 4.000000

Table 3.2: MLS functions (GFD formulas) computed using the star of Fig. 3.2.
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The results of this tests show that it is possible to build accurate (second or third

order) approximation using only nodes on the boundary. This could be very useful when

modeling three{dimensional slender domains, like plates or shells.

3.3 Selecting weight functions

For the homogeneous approximation (i.e., without the spectral dof's), the choice of the

weight function is relatively straightforward. Based on the paper by Lancaster [14], in order

to obtain an interpolating version of the approximation, one has to use weight functions

with a singularity at the origin (in the center of the star), and an inverse of even power

of the distance gives the proper order of the singularity and guarantees full continuity of

the approximation. Introduction of spectral dof's requires that the equations related to the

standard dof's have di�erent weight functions than those related to spectral dof's, if only to

satisfy non-dimensionality of the �nal results. In addition, as we have found during recent

numerical tests, spectral dof's should have their weights lowered to improve the quality of

the approximation.

In our tests (see the next section), we have assumed weight functions of the following

form:

Wi(�) =
1

�
p
i

for non-spectral dof's, and

Wi(�) =
1

�
p�1
i c

for the spectral dof's.

The exponent p varied in the range 1 { 8, and correction weight c was tested as one

of: 1.0, 10.0, 24.0, 100.0, 10:0 � 104. The original choice of p = 6 ( [16]), produced stars

with poor stability, and the best tested results were obtained with p = 3; c = 24:0 although

p = 2 and p = 4 produced usually similiar results..

3.4 Estimate of the star quality

In the collocation method, the stars have to satisfy certain (unknown) geometrical criteria.

Intuitively, the requirements are that stars:

� are closely connected to all direct neighbors,

� have a central node nicely surrounded by peripheral nodes,

� have `center of the gravity' close to the central node of the star.
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None of these ideas is easily quanti�able, although some of them can be useful in

the selection methods (e.g. four quadrants criterion presented in �gure 2.3). The paper by

Demkowicz [6], contains a proof of the convergence of the method based on the assump-

tion that the coe�cients of the `meshless shape function' for the Laplace operator satisfy a

`discrete maximum principle':

� coe�cient for the center node is negative

acenter < 0

� coe�cients for all other nodes in the star are positive

ai > 0; i 6= center

� the sum of all coe�cients is equal zero.

�ai = 0

These are by no means necessary conditions; in fact, except for very regular meshes,

the stars do not satisfy the maximum principle, and the solution nevertheless converges and

does not exhibit local discontinuities. The error in satisfying the maximum principle, de�ned

as:

� =

����acenter � �i6=centerjaij
acenter

����
can, in most cases be up to 0.5 for several stars, and on the order of 10 for some localized

stars, with the solution still converging. On the other hand, whenever the solution contains

(local) instabilities, then the � for the stars in the vicinity were non{zero (at least 0.1).

Figure 3.1: Mesh with irregularly spaced nodes

It is easily observed that the stars, which satisfy our intuitive criteria, satisfy also

the maximum principle. For some `not-so-nice' stars, the maximum principle may or may
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Figure 3.2: Selected 'poor quality' stars (a, b, c in Table 3.1)

not be satis�ed, depending on the particular choice of the weight functions. In our tests

we selected the mesh shown in the �gure 3.1, which contain some irregularities around the

central cuto�. We also selected some stars, which tended to produce `worst case' results (�g.

3.2), and tested how � varied for the di�erent weight functions described above.

Table 3.1 below shows some selected results. We can see from this table that im-

provements in the selected measure for the star quality were obtained for the value of p = 2,

while the best correction factor was c = 24:0. General observations from these tests may be

summarized as follows:

� A quality measure of 1.0 or above is an indication that the center of the star is mis-

placed and a di�erent node takes role of the \central", i.e. it has the biggest coe�cient.

In some cases a true central node (origin of the Taylor expansion) had negligible co-

e�cients when compared to the others in the star. This resulted in poor convergence

when using iterative methods, and usually in local instability of the solution.
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p c star a star b star c worst case

6 10.0 10.8814 0.7349 3.5924 10.8814

4 24.0 0.1425 18.7392 0.2775 18.7392

2 10.0 0.2186 0.2378 0.0015 0.3118

2 24.0 0.0571 0.1207 0.0 0.1555

Table 3.1: Star quality for di�erent approximation order and spectral weight.

� Without spectral nodes, all selected cases produced bad approximations for the bound-

ary stars (the stars were obviously unsymmetric).

� The introduction of spectral dof's immediately improved stars on the boundary but

the stars next to the boundary (but those containing spectral dof's) still exhibit large

values of �.

� The correction factor improved the quality measure of stars close to the boundary

without destroying stars on the boundary.

4 Solution of Boundary-Value Problems

4.1 Plate with a Hole

As a �rst numerical example we consider the problem of an in�nite plate with a hole of

radius a loaded at in�nity by a traction �0 in the x direction. The analytical solution of this

problem is given by [5]

�xx = �0

(
1� a

2

r2

�
3

2
cos(2�) + cos(4�)

�
+
3a4

2r4
cos(4�)

)
;

�yy = ��0
(
a
2

r2

�
1

2
cos(2�)� cos(4�)

�
+
3a4

2r4
cos(4�)

)
; (4.1)

�xy = ��0
(
a
2

r2

�
1

2
sin(2�) + sin(4�)

�
� 3a4

2r4
sin(4�)

)
;

ur =
�0

4G

(
r

"
(�� 1)

2
+ cos(2�)

#
+
a
2

r
[1 + (1 + �) cos(2�)]� a

4

r3
cos(2�)

)
;

u� =
�0

4G

"
(1� �)

a
2

r
� r � a

4

r3

#
sin(2�); (4.2)

where

G =
E

2(1 + �)
; � =

(
3� 4� plane strain
3��
1+�

plane stress
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and (r; �) is a polar coordinate system with the origin at the center of the hole.

The tractions associated with the stress �eld (4.1) are applied at the boundary of a

�nite plate with dimensions 10 � 10 and with a hole of radius a = 1. Due to symmetries

only the upper right quadrant is modeled. A plane stress state is assumed. The material

properties were taken to be E = 1000 and � = 0:3.

4.1.1 h Convergence and the In
uence of the Star Size on the Quality of the

Approximation

In this section we analyze the convergence in the energy norm of the Generalized Finite

Di�erence (GFD) solution when the number of nodes in the discretization is increased and

the local order of the approximation is kept �xed.

Three discretizations, with 64, 117 and 365 nodes, were used to analyze the h conver-

gence of the method for this problem. The corresponding number of degrees of freedom are

86, 156 and 447, respectively (the additional degrees of freedom correspond to the rotational

degrees of freedom used on @
). In all cases, a second order (p = 2) local approximation

and stars with 9, 16 and 36 nodes are used to build the MLSF.

Figure 4.3 shows the relative error in the energy norm,

ku� uhkE
kukE

:=

q
B(u� uh;u� uh)q

B(u;u)
;

where B(u; v) =
R

 �ij(u)�ij(v)d
, associated with the various discretizations. Figure 4.3

also shows the rate of convergence obtained when using stars with 9 and 16 nodes. It can be

observed that, for a �xed number of degrees of freedom, that the error in the energy norm

and the rate of convergence may considerably vary depending on the number of nodes used

in the stars. This same kind of phenomena has been observed in the element free Galerkin

method (EFGM) [13]. In this example, the rate of convergence in the energy norm is 1.69

and 0.83 for stars with 9 and 16 nodes, respectively. Belytschko and colleagues have reported

a convergence rate of 1.66 when using the element free Galerkin method with a quadratic

approximation to solve this problem [4]. However, if nodal integration is used in the EFGM

the rate of convergence in the L2 norm is only 0.65 [2]. The rate of convergence in the energy

norm was not reported when using nodal integration but it is reasonable to expect that it

would be smaller that in the L2 norm case.

Figure 4.4 shows the 365 nodes discretization. The contour plot of �xx corresponding

to this discretization is shown in Fig. 4.5. Figure 4.6 shows the computed and exact values

of �xx along the direction � = �=2. The computed values correspond to the 365 nodes

discretization with a second order local approximation (p = 2) and stars with 9 nodes. It

can be observed that the computed values are in good agreement with the analytic results

computed from (4.1). The maximum stress computed is equal to 3.12 which is close to the
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exact value 3.0 given by (4.1). Figure also 4.7 shows the computed and exact values of the

radial component of the displacement vector in the direction � = 0.

0.03

0.05

0.1

0.5

1

50 60 70 80 100 200 300 400 500

||u
 -

 u
_h

||_
E

 / 
||u

||_
E

Number of Degrees of Freedom

Infinite Plate with a Hole: h Convergence

Rate = 1.69

Rate = 0.83

numstar = 9 with rot.
numstar = 16 with rot

numstar = 36 with rot.

Figure 4.3: h convergence for in�nite plate problem.

4.1.2 GFDM with High Order Local Approximation

We investigate in this section the e�ect of using high order local approximations in the

moving least squares method. The plate with a hole problem, as described before, is solved

using local approximations ranging from p = 2 to p = 6. Figure 4.8 shows the relative

error in the energy norm associated with discretizations of 117 and 365 nodes for various

values of p. The number of nodes in the stars is equal to (p + 2)2. The rate of convergence

corresponding to various values of p is also shown. It can be observed that in general the rate

of convergence increases with p. Figure 4.9 shows the corresponding results when instead of

Neumann boundary conditions, the displacement �eld given by (4.2) is applied on @
. The

conclusions are the same as before.

4.1.3 Experiments with Hermite Type MLSF

In this section, we investigate the quality of moving least squares (MLS) approximations

when using or not derivative degrees of freedom. The plate with a hole problem is used as
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Figure 4.4: 365 nodes discretization.

Figure 4.5: Contour plot of �xx.
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numstar = 9 numstar = 16 numstar = 36

w/out der. dof 0.64735377 0.71665284 0.55436978

w/ der. dof 0.10947508 0.096612338 0.093279968

Table 4.2: Relative error in the energy norm for the 117 nodes discretization.

a model problem. Figure 4.10 shows the 117 nodes discretization with derivative degrees of

freedom at the boundary @
 used in the experiments.

As a �rst experiment, we investigate the e�ect of the approach developed in Section 3.1

on the quality of the stars associated with the 117 nodes discretization. The star associated

with a boundary node at (5; 2) is shown in Fig. 4.11.

As in Section 3.1, the stencils are considered acceptable or not if

(i) The sum of the MLS functions must be one, since they represent a partition of unity [9].

(ii) The sum of the derivatives of the MLS must be zero for the same reason as in (1).

In addition, we also impose that at a node xI

aJ := ��J = �J ;xx+�J ;yy > 0 J = 1; : : : ; numstar; J 6= I

numstarX
J=1;J 6=I

jaJ j = �aI (4.3)

where numstar is equal to the number of nodes in the star and �J is the MLSF associated

with node xJ in the star.

Demkowicz at al. [6] have shown that if (but not only if) the above criteria is satis�ed,

the approximate solution obtained by the generalized �nite di�erence method converges to

the exact solution.

The values of aJ for the star associated with the node at (x = 5:0; y = 2:0) are shown

Fig. 4.12 (the values are scaled by h2 = 0:25, h being the local distance between the nodes).

The values correspond to the case where only standard MLS functions are used, i.e., no

Hermite type MLS function is used. It can be observed that some of the a0Js are negative

and therefore the condition (4.3) is violated. Figure 4.13 shows the corresponding values of

aJ when Hermite type MLS functions are used. In this case the condition (4.3) is satis�ed.

The relative error in the energy norm when Hermite type MLS functions are used is

shown in Table 4.2. For comparison, the results when only standard MLS functions are used

is also included in the table. The errors correspond to the 117 nodes discretization shown in

Fig. 4.10 with stars of various sizes. It can be observed that, for this problem, the addition

of the Hermite type MLS functions signi�cantly improves the results.
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Figure 4.10: 117 nodes discretization with rotational degrees of freedom at the boundary.

Figure 4.11: Star analyzed.
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Figure 4.12: Values of a0Js when only standard MLS functions are used.

Figure 4.13: Values of a0Js when Hermite type MLS functions are used.

Figure 4.14 compares the convergence in the energy norm when using MLS functions

with and without derivative degrees of freedom. The results correspond to the 64 and 117

nodes discretizations and stars with 9, 16 and 36 nodes. It is clear that the use of Hermite

type MLS functions is advantageous.

4.2 Cracked Panel

Let us consider the problem of a cracked panel.

We assume a state of plane stress and apply as boundary conditions on @
 the �rst

symmetric mode of the asymptotic expansion of the solution around the crack tip,

ux =
KI

2�

r
r

2�
cos

 
�

2

!"
�� 1 + 2 sin2

 
�

2

!#

uy =
KI

2�

r
r

2�
sin

 
�

2

!"
� + 1� 2 cos2

 
�

2

!#

where KI is the �rst stress intensity factor, � = E=(2(1+ �)) and � = (3� �)=(1+ �). (r; �)

is a polar coordinate system centered at the crack tip.The corresponding stresses are given
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by [24]:

�ij =
KIp
2�r

fij� (4.4)

fxx(�) = cos
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3�
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(4.7)

We adopted E = 1000 and � = 0:3.

Due to symmetry, only the upper half of the panel is modeled. Figures 4.15 and 4.16

show the two nodal arrangement used.

Figure 4.15: 137 nodes discretization.

Figure 4.16: 411 nodes discretization.

Figure 4.17 shows the component �yy of the stress tensor along the direction � = 0.

One GFD solution corresponds to the coarse discretization with p = 2 and 16 nodes stars.

The other two solutions correspond to the �ner mesh with p = 2 and stars with 16 and 36
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nodes. It can be observed that the quality of the solution, in this case, does not change

with the size of the stars. Both discretizations agree well with the closed form solution for

r > 0:01 and are able to capture the strong gradient of the solution near the crack tip.

Figure 4.18 shows equivalent results for the component �xx of the stress tensor.

Figures 4.19 and 4.20 show contour plots of �xx and �yy obtained with the �ner

discretization and stars with 36 nodes.
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Figure 4.18: Computed values of Sxx.

32



Figure 4.19: Contour plot of �xx.

Figure 4.20: Contour plot of �yy.
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5 Other Examples

The majority of examples presented in this paper are focused on linear elasticity and fracture

mechanics. However, the meshless methods presented here are applicable to a much broader

class of problems. In fact, virtually any boundary-value problem governed by a system of

PDE's of second or higher order can be e�ectively solved using this method. As an illustration

of such applications, we present several solutions of various problems in nonlinear structural

mechanics and heat transfer.

The meshless methods are fully applicable to the solution of nonlinear problems,

such as large deformations of membrane shells, governed by strongly nonlinear geometrical

and constitutive equations. An example of a pneumatic covering formed in the shape of a

semicylinder with spherical end sections is shown in �gure 5.1. The radius of the cylinder

is 5m, its length is 10m and the radii of the spherical end segments are 5m. The material

behavior is governed by a Mooney-Rivlin constitutive law. The covering is subjected to an

internal pressure p = 500 Pa and loaded with the pressure of a wind blowing in the z
1

direction at a velocity of 42m=sec. The grid of points used to solve this problem on a 
at

reference con�guration is presented in �gure 5.2 (only one quarter of the domain is shown).

The wind loading is represented by a quasi-static steady-state model, with the coe�cients

of the wind pressure shown in �gure 5.3. The calculated shapes of the cross-sections of this

covering are shown in full scale in �gures 5.4.

A nontrivial nonlinear application of the meshless method is the solution of inverse

problems at large deformations, where the initial con�guration is calculated for a prescribed

�nal con�guration of the membrane shell. In the present formulation of the meshless method,

the formulation of such a problem is quite straightforward { for details see reference [26].

However, the solutions to this type of problems are, in general, non-unique. This is illus-

trated in the example shown in �gure 5.5, where an initial con�guration was calculated for

a membrane with a prescribed �nal con�guration (ideal hemisphere of radius r = 10) under

an internal pressure loading. This problem was solved using two grids with 16 and 36 nodes,

on one quarter of a circle. The calculated initial con�gurations are quite di�erent for these

two grids { this is a re
ection of the non-uniqueness of the solutions to this problem.

As an example of an application of meshless method to problems with nonlinear

constitutive laws, an elasto-plastic torsion of a prismatic bar is shown in �gure 5.6. In

particular, the �gure shows the shape of elastic-plastic boundaries and distributions of shear

stress along various cross-sections.

It is importat to note that the meshless methods described here can also be applied to

the solution of transient problems, such as heat transfer or nonlinear dynamics. An example

of a time-dependent temperature distribution for a rail-shaped bar is illustrated in �gure

5.7. The �gure shows the shape of the domain and calculated temperature pro�les at several

time steps.
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Figure 5.1: A cylindrical pneumatic covering.

Figure 5.2: The grid used in the analysis

of pneumatic covering.

Figure 5.3: Presumed coe�cients of wind

pressure.
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Figure 5.4: Deformation of the pneumatic covering under internal pressure and wind load

(42m=sec).

Figure 5.5: Solution of an inverse problem for a hemispherical membrane.
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Figure 5.6: Torsion of a prismatic bar: elasto-plastic boundaries and shear stress.

Figure 5.7: Time-dependent heat 
ow in a rail-shaped bar.
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